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Structural equation model (SEM) trees are data-driven tools for finding covariates that predict group 11 

differences in the parameters of an SEM. SEM trees build upon the decision tree paradigm by 12 

growing tree structures that divide a data set recursively into homogeneous subsets. Currently, the 13 

selection of split variables among covariates involves the calculation of a likelihood ratio for each 14 

possible split of each covariate. Obtaining these likelihood ratios is computationally intensive. 15 

Moreover, comparing maximum likelihood ratios biases the selection process by favoring covariates 16 

with many different values. Several correction procedures for this selection bias have been proposed. 17 

Unfortunately, these procedures either reduce statistical power to detect group differences or impose 18 

an additional computational burden. As a remedy, we propose to guide the construction of SEM trees 19 

by a family of score-based tests instead of using likelihood ratios. These score-based tests monitor 20 

fluctuations in the case-wise derivatives of the likelihood function, also called scores, to detect 21 

parameter differences between groups. In contrast to the likelihood-ratio approach, score-based tests 22 

are computationally efficient because they do not require refitting the model for every possible split, 23 

they offer an unbiased selection of covariates, and have high statistical power. In this paper, we 24 

introduce score-guided SEM trees and its implementation in the R package semtree and evaluate 25 

their performance by means of a Monte Carlo simulation. 26 
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1 Introduction 27 

Structural equation models (SEM; Bollen, 1989; Kline, 2016) are a widely applied technique in 28 

social and psychological research to model the relationships between multiple variables. SEMs are 29 

especially useful in situations where some of the variables under investigation are latent (not directly 30 

observable) or contain measurement errors. Various statistical procedures such as factor analysis, 31 

ANOVA, linear regression, mediation models, growth curve models, and dynamic panel models can 32 

be specified within the SEM framework. 33 

A major challenge that complicates the specification and interpretation of SEMs are potential 34 

differences between subgroups of the sample. Group differences can pertain to various aspects of an 35 

SEM. For instance, in a latent growth curve model, we may find differences in how people change 36 

over time, or in a factor analysis model, the factor structure may vary across groups. By neglecting 37 

such instances of sample heterogeneity, SEM parameter estimates may not be representative for any 38 

individual in the sample and researchers risk drawing incorrect conclusions from their data (e.g., 39 

Kievit, Frankenhuis, Waldorp, & Borsboom, 2013). This makes identifying group differences in 40 

SEM parameters an important task.  41 

One popular strategy is to detect heterogeneity in SEMs with the help of covariates. Multi-group 42 

structural equation models (MGSEM; Sörbom, 1974) allow estimating different parameter values for 43 

the levels of a grouping variable, such as males and females or treated versus non-treated. By 44 

comparing the fit of a single-group SEM to the fit of an MGSEM, equality constraints on parameters 45 

across groups can be tested with the likelihood-ratio test. Multi-group structural equation modelling 46 

excels as a confirmatory tool to test a limited number of hypotheses about group differences. As part 47 

of exploratory data analysis, however, the method can often become tedious in large data sets. With 48 

many potentially important grouping variables, many MGSEMs need to be specified and estimated. 49 

Moreover, since MGSEM requires discrete grouping variables, numeric and ordinal covariates such 50 

as age or socioeconomic status need to be discretized, which often leads to a loss of information. 51 

Another approach to detecting heterogeneity are latent class or finite mixture models (Jedidi, Jagpal, 52 

& DeSarbo, 1997; Lubke & Muthén, 2005; Muthén & Shedden, 1999). Whereas MGSEM requires 53 

grouping variables to identify group differences, latent class approaches automatically test for 54 

differences between all possible groups of individuals. Therefore, latent class approaches may 55 

successfully uncover heterogeneity in situations where no informative covariates are available. 56 
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Having said that, latent class methods are generally less powerful than tests for given group 57 

differences when informative covariates are available (Smit, Kelderman, & van der Flier, 2000) and 58 

require the number of subgroups to be specified a priori. Furthermore, latent class approaches 59 

provide no straightforward prediction of group memberships which often require a second step of 60 

characterizing these groups with the help of covariates. 61 

SEM trees as first presented by Brandmaier, Oertzen, McArdle, and Lindenberger (2013), discussed 62 

in the methodological literature (Brandmaier, Driver, & Voelkle, 2018; Brandmaier, Prindle, 63 

McArdle, & Lindenberger, 2016; Jacobucci, Grimm, & McArdle, 2017; Serang et al., 2020; Usami, 64 

Hayes, & McArdle, 2017; Usami, Jacobucci, & Hayes, 2019), and used for data analysis 65 

(Ammerman, Jacobucci, & McCloskey, 2019; Brandmaier, Ram, Wagner, & Gerstorf, 2017; Mooij, 66 

Henson, Waldorp, & Kievit, 2018; Simpson-Kent et al., 2020) are another popular method for 67 

exploring  heterogeneity in SEMs that can be considered as a compromise between MGSEMs and 68 

latent class models. SEM trees are a data-driven approach that automatically searches through all 69 

available covariates to identify groups with similar SEM parameter values. SEM trees build upon the 70 

model-based recursive partitioning paradigm (for an overview see Strobl, Malley, & Tutz, 2009; 71 

Zeileis, Hothorn, & Hornik, 2008). The SEM tree algorithm forms a hierarchical tree structure 72 

consisting of SEMs fitted to distinct subsamples. One key feature of SEM trees is their 73 

interpretability: SEM trees provide a graphical presentation of how covariates and covariate 74 

interactions predict non-linear differences in SEM parameters. The SEM tree algorithm also sorts 75 

covariates with respect to their predictive value for explaining group differences. 76 

Identifying the best split of the sample with respect to a covariate can be computational demanding. 77 

The current SEM tree implementation put forward by Brandmaier et al. (2013) uses a procedure that 78 

transforms all non-dichotomous covariates (that is, covariates with more than two values) into a set 79 

of dichotomous variables. Then, the trees select the best split among the dichotomous variables by 80 

comparing the likelihood ratio between a single-group SEM (fitted on the whole sample) and 81 

MGSEMs (representing the model after the split). The number of MGSEMs needed to calculate these 82 

likelihood ratios for a covariate is directly related to the number of possible splits of the covariate. 83 

For instance, evaluating a numeric covariate such as age with many different values will require more 84 

MGSEMs to be estimated than the evaluation of a discrete covariate such as handedness. The 85 

reliance of the SEM tree algorithm on likelihood ratios has two drawbacks: first, the computational 86 

burden becomes large to excessive if there are many covariates and the covariates have many unique 87 
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observed values. Second, covariates with many unique values will be more often selected than 88 

covariates with few unique values. The currently available correction procedures of this selection 89 

bias lower the statistical power of SEM trees to detect group differences. 90 

Other model-based recursive partitioning methods suggested for general M-estimators (Zeileis et al., 91 

2008), Bradley-Terry models (Strobl, Wickelmaier, & Zeileis, 2011), Rasch models (Strobl, Kopf, & 92 

Zeileis, 2015), multinomial processing trees (Wickelmaier & Zeileis, 2018), network models (Jones, 93 

Mair, Simon, & Zeileis, 2019), or for circular data (Lang et al., 2020) use so-called score-based or 94 

structural change tests for assessing whether the values of one or more parameters depend on a 95 

covariate. Score based tests are obtained by cumulating the case-wise gradients of the log-likelihood 96 

function evaluated at the parameter estimates. Recently, a family of score-based tests became popular 97 

in the exploration of measurement invariance in SEMs (Merkle, Fan, & Zeileis, 2014; Merkle & 98 

Zeileis, 2013; Wang, Merkle, & Zeileis, 2014; Wang, Strobl, Zeileis, & Merkle, 2018). Score-based 99 

tests are computationally lightweight as they do not require the estimation of group-specific SEMs 100 

for each split. Moreover, they provide a single test statistic per covariate and do not favor covariates 101 

with many possible split points over those with few. We propose the use score-based tests for the 102 

construction of SEM trees to solve two of the current problems of SEM trees outlined above: first, 103 

employing score-based tests enormously reduces the runtime of SEM trees. Second, score-based tests 104 

do not require a correction of the selection bias. 105 

The remainder of this manuscript is organized as follows: first, we exemplify the principles of SEM 106 

trees. Second, the current likelihood-ratio-based SEM tree implementation is outlined. Third, we 107 

introduce score-based tests and show how they can be used to select optimal splits in SEM trees. 108 

Finally, we compare statistical power, type I error rate, runtime, and group recovery of likelihood-109 

ratio-guided and score-guided SEM trees in two Monte Carlo simulation studies. 110 

2 Introductory Example 111 

In the following, we illustrate the rationale behind SEM trees with an instructive example. Readers 112 

familiar with SEM trees may skip this section. 113 

Let us assume a researcher estimated a confirmatory factor analysis model (CFA; Brown, 2015) that 114 

explains the scores of three ability tests of 600 male and female test takers of different ages with a 115 

single common latent factor and test-specific error terms. The data were collected at two different 116 

testing facilities. The researcher wonders if the parameter values of her CFA model differ with 117 
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respect to the sites, the test takers’ age, and gender. She investigates this question with the help of an 118 

SEM tree.  119 

The data for this fictional example were simulated such that the factor loading of the first ability test 120 

from individuals older than 45 years was smaller (0.6) than for younger individuals (0.8). This 121 

represents a violation of measurement invariance, that is, differences among individuals’ responses to 122 

an item are not only due to differences in the latent factor but also due to the item functioning 123 

differently across groups and being measured with different precision. Further, we lowered all factor 124 

loadings of older individuals tested at the second site by 0.1, imposing another form of violation of 125 

metric invariance. The covariate gender had no impact on the parameters of the CFA model and 126 

served as a noise variable. 127 

Figure 1 shows the resulting SEM tree for the simulated data set. The SEM tree consists of 5 nodes 128 

depicted as ovals, each of them containing a CFA model. Node 1 is the root node of the SEM tree 129 

and contains the CFA model fitted on the full data set with 𝑛 = 600 individuals. In this illustrative 130 

example, the SEM tree algorithm concluded that the fit of the model in the root node could be 131 

improved most by splitting the data into a group of 300 individuals younger than 45 years (Node 2) 132 

and into a group of 300 individuals older than 45 years (Node 3). Node 2 and 3 are said to be the 133 

daughters of Node 1. After splitting the sample associated with Node 1, the algorithm proceeds 134 

recursively with Node 2 and 3. Whereas the fit of the model for younger individuals (Node 2) could 135 

not be improved any further, the SEM tree algorithm split the group of older individuals (Node 3) 136 

into two subgroups with 150 older individuals tested at site 1 (Node 4) and 150 older individuals 137 

tested at site 2 (Node 5). After this split, the SEM tree algorithm terminated as no further split would 138 

significantly improve the fit of any of the submodels. Nodes 2, 4, and 5 are the leaf nodes of the SEM 139 

tree and individuals within these nodes were found to be homogeneous with respect to the covariates. 140 

As expected, the SEM tree algorithm did not select the covariate gender for splitting because this 141 

covariate was not associated with any group differences in the simulated data set. 142 
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 143 

Figure 1: Illustrative example of an SEM tree. The SEM tree recursively partitioned a CFA model 144 

with respect to individuals’ age and study site. 145 

It is important to note that the structure of the SEM tree shown in Figure 1 is not specified a priori 146 

but learned top-down in an exploratory way. The algorithm only requires a pre-specified template 147 

SEM (in the example, the CFA model) and a data set including covariates that serve as split 148 

candidates to identify homogeneous groups. The selection of covariates and the identification of 149 

optimal cut points are then learned from the data. Throughout the tree, the structure of the template 150 

SEM remains the same and only the value of the parameter estimates change as the model is fitted 151 

recursively on different subsamples. 152 
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3 Structural Equation Model Trees 153 

The general SEM tree algorithm can be described in three steps (Brandmaier et al., 2013): 154 

1. Fit an SEM to all observations in the current node.  155 

2. For each covariate, 156 

a. assess whether the SEM parameter estimates are constant or vary with respect to the 157 

covariate according to a chosen criterion, 158 

b. and locate the optimal cut point. 159 

3. Choose the covariate that is associated with the largest group differences in SEM parameter 160 

estimates. If the group difference exceeds a threshold, split the node into two daughter nodes 161 

and repeat the procedure with Step 1 for both daughter nodes. Otherwise terminate. 162 

Conventional likelihood-ratio-guided and the newly proposed score-guided SEM trees differ in Step 163 

2 of the general SEM tree algorithm, that is, the procedures differ in how they evaluate heterogeneity 164 

and search for optimal split points in covariates. In the following section, we will outline the steps 1–165 

3 for likelihood-ratio-guided SEM trees as introduced by Brandmaier et al. (2013) before introducing 166 

score-guided SEM trees afterwards. 167 

3.1 Step 1: Parameter Estimation  168 

SEMs are usually specified by expressing the structure of a mean vector and a covariance matrix as a 169 

function of a 𝑞-variate vector 𝜽 with model parameters. These parameters are estimated by 170 

minimizing a fitting function 𝐹 that measures the discrepancy between the observed means �̅� and the 171 

model-implied means 𝝁(𝜽) as well as the discrepancy between the observed covariance matrix 𝑺 and 172 

the model-implied covariance matrix 𝜮(𝜽). Several fitting functions have been proposed. The 173 

following maximum likelihood fitting function is widely used as it yields efficient parameter 174 

estimates under the assumption of multivariate normally distributed data: 175 

𝐹𝑀𝐿[�̅�, 𝑺, 𝝁(𝜽), 𝜮(𝜽)] = [�̅� − 𝝁(𝜽)]T𝜮(𝜽)−1[�̅� − 𝝁(𝜽)] + tr[𝑺𝜮(𝜽)−1] − 

ln{det[𝑺𝜮(𝜽)−1]} − 𝑝 

 

1 

𝑝 denotes the number of observed variables in the SEM. A fitting function also provides a test of 176 

overall model fit. Evaluated at the parameter estimates �̂�, (𝑛 − 1)𝐹 asymptotically follows a 𝜒2 177 
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distribution with 𝑞 degrees of freedom under the null hypothesis of a correctly specified model. A 178 

detailed account of SEM estimation can be found in the textbooks by Bollen (1989) and Kline 179 

(2016). 180 

3.2 Step 2: Split Evaluation 181 

The SEM algorithm suggested by Brandmaier et al. (2013) decides whether to split a node according 182 

to a covariate by comparing the fit of the template model to the fit of an MGSEM consisting of all 183 

submodels in the current leaf nodes. For the sake of simplicity, we assume that all covariates are 184 

dichotomous and discuss non-dichotomous covariates afterwards. 185 

Let 𝑀𝑇 represent the template model associated with the root node and let �̂�𝑇 donate its 186 

corresponding parameter estimates. Further, we mark the observed mean vector of the full data set as 187 

�̅�𝑇 and the full observed covariance matrix as 𝑺𝑇. To evaluate a candidate covariate for a specific 188 

node, we split the node into two daughter nodes according to the covariate. Then, group-specific 189 

SEM parameters 𝜽𝑗 , 𝑗 = 1, … , 𝐽, are estimated for all subsamples associated with the 𝐽 current leave 190 

nodes. Since the subsamples associated with the current leave nodes are non-overlapping, the 191 

submodels can be joined into an MGSEM which we will from now on refer to as 𝑀𝑆𝑈𝐵. As 𝑀𝑇 is 192 

nested within 𝑀𝑆𝑈𝐵, we can test the following null hypothesis of parameter homogeneity with respect 193 

to the covariate under evaluation: 194 

H0:  𝜽𝑗 = 𝜽0,  ∀𝑗 = 1, … , 𝐽 2 

Rejecting Equation 2 implies that the model parameters vary with respect to the covariate. 195 

Brandmaier et al. (2013) suggested using the log-likelihood ratio between 𝑀𝑇 and 𝑀𝑆𝑈𝐵 as a test 196 

statistic for Equation 2: 197 

𝐿𝑅 = (𝑛 − 1) {𝐹𝑀𝐿[�̅�𝑇 , 𝑺𝑇 , 𝝁(�̂�𝑇), 𝜮(�̂�𝑇)] − ∑
𝑛𝑗

𝑛

𝐽

𝑗=1

𝐹𝑀𝐿[�̅�𝒋, 𝑺𝒋, 𝝁(�̂�𝑗), 𝜮(�̂�𝑗)]} 3 

Under the null hypothesis that there is no influence of the covariate under scrutiny, 𝐿𝑅 198 

asymptotically follows a 𝜒2 distribution with (𝐽 − 1)𝑞 degree of freedoms. 199 
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The likelihood-ratio test provides a powerful and efficient solution for dichotomous covariates. 200 

Evaluating categorical, ordinal, and continuous covariates, however, requires an additional step of 201 

dichotomization in which such covariates are transformed and split up into one or several 202 

dichotomous variables (Brandmaier et al., 2013). Categorical covariates are tested by splitting them 203 

into a set of dichotomous variables applying a one-against-the rest scheme. Given a categorical 204 

covariate with 𝑚 levels, this requires considering 2𝑚−1 − 1 possible partitions. For ordinal and 205 

continuous covariates, a procedure known as exhaustive split search (Quinlan, 1993) is applied to 206 

find the optimal cut point. This is done by maximizing the partitioned log-likelihood, that is the sum 207 

of the log-likelihood of the two daughter models, over all possible cut points. For ordinal and 208 

continuous covariates with 𝑚 unique values, 𝑚 − 1 potential cut points need to be tested. This 209 

dichotomization procedure can be computationally demanding as every potential cut point requires 210 

the estimation of an MGSEM.  211 

As pointed out before, besides its computational burden, the dichotomization procedure also favors 212 

the selection of covariates with many potential cut points. Every possible cut point is associated with 213 

a specific likelihood-ratio value. With a growing number of possible cut points, the maximum of the 214 

likelihood-ratio values will be increased purely due to random fluctuation. Consequently, not only 215 

will the probability of type I error be artificially inflated but also splits with respect to covariates with 216 

many cut points will appear closer to top of the tree than they should. To reduce this selection bias, 217 

Brandmaier et al. (2013) discuss using the Bonferroni correction and cross-validation methods. The 218 

Bonferroni correction accounts for multiple testing within the same covariate by dividing the 𝑝-value 219 

obtained from the likelihood-ratio test in Equation 3 by the number of potential cut points. However, 220 

this Bonferroni adjustment can lead to overcorrection and decreases the likelihood of selecting 221 

covariates with many possible cut points as demonstrated by Brandmaier et al. (2013). Cross-222 

validation methods separate estimation from the testing of a potential cut point (e.g., Jensen & 223 

Cohen, 2000). SEM trees can be grown with a two-stage approach (Brandmaier et al., 2013; Loh & 224 

Shih, 1997; Shih, 2004) that splits the sample associated with a node in half, uses one half to find the 225 

optimal cut point for every covariate and the other half of the sample to evaluate only the best cut 226 

points via the likelihood-ratio test. 227 

3.3 Step 3: Covariate Selection 228 

To select a single covariate from a set of candidate covariates, the likelihood ratio for the optimal cut 229 

point is computed for every covariate and the covariate associated with the smallest 𝑝-value is 230 



  Score-Guided SEM Trees 

 10 

chosen. If the 𝑝-value is smaller than a pre-specified threshold, determined by the desired probability 231 

of a type I error, splitting is continued recursively. One should keep in mind, that testing several 232 

covariates will artificially inflate the type I error probability. One of several solutions to this problem 233 

is the use of Bonferroni adjusted 𝑝-values. Given a large number of covariates, however, the 234 

Bonferroni correction will reduce the power of the SEM tree drastically and will produce sparse 235 

trees. In such cases, one may resort to unadjusted p-values for the selection of covariates and, if 236 

needed, can limit the size of the SEM tree with additional stopping criteria like a minimum number 237 

of individuals per node. 238 

4 Score-Guided SEM Trees 239 

Score-based tests are a powerful alternative to the likelihood-ratio test to assess parameter 240 

homogeneity that addresses various problems of likelihood-ratio-based split selection. We will first 241 

introduce the general notion behind score-based tests and then introduce a family of score-based test 242 

statistics for covariates with different levels of measurement. After that, we highlight the implications 243 

of guiding SEM trees with score-based tests instead of the likelihood-ratio test. 244 

4.1 Score-based Tests 245 

Score-based tests originated in econometrics, where they are primarily employed to detect parameter 246 

instability in time series models (e.g., Andrews, 1993; Hansen, 1992). Score-based tests can be 247 

summarized in three steps: first, the case-wise derivatives of the log-likelihood function with respect 248 

to the model parameters are computed. These case-wise derivatives, also called scores, indicate how 249 

well an individual is represented by the model parameters. The larger the score, the larger the misfit 250 

of a given model parameter for a given individual. Next, the scores are sorted with respect to a 251 

covariate for which we want to test parameter homogeneity. Third, the scores are aggregated into a 252 

test statistic that allows testing the null hypothesis of homogeneous parameters (see Equation 2). 253 

Score-based tests have been derived for general M-estimators that encompasses popular estimation 254 

techniques such as least squares methods and maximum likelihood as special cases (Zeileis & 255 

Hornik, 2007). For the sake of simplicity, we limit ourselves to maximum likelihood estimation for 256 

multivariate normally distributed data. The associated log-likelihood function for a single individual 𝑖 257 

is given by 258 
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ln 𝐿 (𝜽; 𝒚𝑖) =
1

2
{[𝒚𝑖 − 𝝁(𝜽)]T𝜮(𝜽)−1[𝒚𝑖 − 𝝁(𝜽)] + ln[det(𝜮(𝜽))] + 𝑝 ln(2π)}. 4 

Equation 4 is the normal theory log-likelihood function for a single individual 𝑖 and yields identical 259 

parameter estimates to 𝐹𝑀𝐿 shown in Equation 1 if summed over individuals and maximized. 260 

The individual scores are calculated by taking the partial derivative of the log-likelihood function 261 

with respect to the parameters and evaluating the expression at the estimates: 262 

𝑆(�̂�; 𝒚𝑖) = [
𝜕 ln L (𝜽; 𝒚𝑖)

𝜕𝜃1
│𝜽=�̂� ⋯

𝜕 ln L (𝜽; 𝒚𝑖)

𝜕𝜃𝑞
│𝜽=�̂�]

T

 
5 

The scores assess the extent to which an individual’s log-likelihood is maximized by one of the 𝑞 263 

parameters. Values close to zero indicate a good fit between model and individual, whereas large 264 

scores point towards strong misfit. Note that by definition the scores evaluated at the maximum 265 

likelihood estimates �̂� sum up to zero, that is ∑ 𝑆(�̂�; 𝒚𝑖) = 𝟎𝑛
𝑖=1 . 266 

For the construction of a test statistic, the scores are cumulated according to the order induced by a 267 

covariate under scrutiny. For instance, if parameter homogeneity is assessed with respect to age, the 268 

first row consists of scores from the youngest individual. For the second row, scores of the youngest 269 

and second youngest individuals are summed up and so forth. More formally, the cumulative score 270 

process is defined as 271 

𝐶𝑆𝑃(�̂�; 𝑠) =
1

√𝑛
 𝐼(�̂�)

−1
2⁄

∑ 𝒮(�̂�; 𝒚ℎ)𝑠
ℎ=1 , 

6 

where the index 𝑠 denotes the number of sorted individuals entering the equation and the index ℎ 272 

selects the sorted individuals until ℎ = 𝑠. Furthermore, 𝐼(�̂�)
−1

2⁄
 is the estimated half-squared inverse 273 

of the Fisher information matrix. Pre-multiplying with 𝐼(�̂�)
−1

2⁄
 decorrelates the scores so that the 𝑞 274 

cumulative score processes are unrelated to each other. In the following, we place the values of the 275 

cumulative score process row-wise into an 𝑛 × 𝑞 matrix that we denote with 𝑪𝑺𝑷 and refer to the 276 

cumulative sum from the first 𝑠-th individuals of the 𝑘-th parameter as 𝐶𝑆𝑃𝑠,𝑘. The plots in Panel A, 277 

B, and C in Figure 2 illustrate how sorting and cumulating scores make parameter heterogeneity 278 

visible. 279 
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 280 

Figure 2: Artificial example to visualize the effect of sorting and cumulating. 100 observations were 281 

sampled from two Poisson distributions with different rate parameters. 50 observations were 282 

generated with a rate parameter of 2 and 50 observations with a rate parameter of 5. Panel A shows 283 

the scores of the 100 observations in random order. Panel B displays the 50 scores of observations 284 

generated with a rate parameter of 2 first, followed by the 50 scores sampled with a rate parameter of 285 

5. After sorting the scores according to the two groups, a clear pattern emerges as the first 50 scores 286 

are mostly negative and the remaining scores are mostly positive. Panel C shows the cumulative 287 

score process. The negative and positive scores are cumulated, and the change point is noticeable 288 

from the negative peak in the cumulative score process. Panel D depicts five randomly generated 289 

Brownian bridges. Under the null hypothesis of a constant rate parameter, the cumulative score 290 

process would have behaved similarly to the 5 Brownian bridges in Panel D. 291 

Hjort and Koning (2002) show that under mild conditions and constant parameters each column of 292 

the cumulative score process matrix 𝑪𝑺𝑷 converges in distribution to a univariate Brownian bridge. 293 

A Brownian bridge is a stochastic process that is pinned to zero at the start and end and exhibits most 294 

variability in the middle. Thus, the null hypothesis of parameter homogeneity in Equation 2 can be 295 

tested by comparing the observed cumulative score process to the analogous statistic of a Brownian 296 
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bridge. Panel C and D in Figure 2 illustrate the difference between the cumulative score process of a 297 

heterogeneous parameter and the Brownian bridge. 298 

Test statistics can be obtained by aggregating the cumulative score process matrix into a single 299 

scalar. Critical values and 𝑝-values for these test statistics can be found by applying the same 300 

aggregation to the asymptotic Brownian bridge (Zeileis & Hornik, 2007). Different ways of 301 

aggregating the cumulative scores will produce test statistics that will be sensitive to different 302 

patterns of parameter heterogeneity. The choice of a test statistic also depends on the level of 303 

measurement of the covariate.  304 

Merkle and Zeileis (2013) proposed three different test statistics for continuous covariates:  305 

𝐷𝑀 = max
𝑠=1,…,𝑛

[ max
𝑘=1,…𝑞

(|𝐶𝑆𝑃𝑠,𝑘|)] 
7 

𝐶𝑣𝑀 =
1

𝑛
∑ ∑ 𝐶𝑆𝑃𝑠,𝑘

2
𝑞

𝑘=1

𝑛

𝑠=1
 

8 

max 𝐿𝑀 = max
𝑠=𝑠,...,𝑠

{[
𝑠

𝑛
(1 −

𝑠

𝑛
)]

−1

∑ 𝐶𝑆𝑃𝑠,𝑘
2

𝑞

𝑘=1
} 

9 

Equation 7-9 show the double maximum (DM), Cramér-von-Mises (CvM), and maximum Lagrange 306 

multiplier test statistics (maxLM). DM is the simplest test statistic and rejects the null hypothesis if, at 307 

any point, the maximum of any of the 𝑞 processes strays too far away from zero. However, Merkle 308 

and Zeileis (2013) note that considering only the maximum of the q processes wastes power because 309 

the DM statistic ignores heterogeneity values in other parameters. Furthermore, even for the same 310 

parameter, smaller peaks before and after the maximum are not considered which may lead to a loss 311 

of power if the parameter changes its values across more than two groups. Using sums instead of 312 

maxima solves these problems. The 𝐶𝑣𝑀 statistic sums the squared values over all parameters and 313 

individuals and is therefore well suited for detecting multiple group differences in several parameters. 314 

If one suspects that a single change point will manifest in several parameters, the max 𝐿𝑀 statistic 315 

that considers the maximum values of all parameters at a single point is more appropriate. Unlike the 316 

other test statistics for continuous covariates, the max 𝐿𝑀 statistic contains a scaling term 317 

𝑠

𝑛
(1 − 𝑠

𝑛
) which increases sensitivity for peaks before and after the middle of the processes. A 318 

disadvantage of this scaling is that individuals with very small and very large values of the covariate 319 
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need to be omitted to stabilize the test statistic. In our simulation study, we chose the interval 320 

[𝑠, . . . , 𝑠] so that it covered all values between the 0.1- and the 0.9-quantile of the covariate. 321 

For ordinal and categorical covariates, Merkle et al. (2014) suggested test statistics that focus on bins 322 

of individuals at each level of the covariates: 323 

𝑊𝐷𝑀 = max
𝑙=1,…,𝑚−1

{[
𝑛𝑙

𝑛
(1 −

𝑛𝑙

𝑛
)]

−1
2⁄

max
𝑘=1,…𝑞

|𝐶𝐵𝑆𝑃𝑙,𝑘|} 
10 

max 𝐿𝑀𝑜 = max
𝑙=1,…,𝑚−1

{[
𝑛𝑙

𝑛
(1 −

𝑛𝑙

𝑛
)]

−1

∑ 𝐶𝐵𝑆𝑃𝑙,𝑘
2

𝑞

𝑘=1
} 

11 

Equation 10 and 11 present the weighted double maximum and the maximum Lagrange multiplier 324 

statistics for ordinal covariates. For both test statistics, we first group the individuals into 𝑚 − 1 bins 325 

associated with the first 𝑚 − 1 levels of the covariate. Then, we sum the scores in each bin and 326 

cumulate the sums, yielding a (𝑚 − 1) × 𝑞 matrix 𝑪𝑩𝑺𝑷 of cumulative bins of scores. In the 327 

equations above, we denote the cumulative bin of scores associated with the 𝑙-th level of the 328 

covariate and the 𝑘-th parameter with 𝐶𝐵𝑆𝑃𝑙,𝑘. Both statistics are scaled by 
𝑛𝑙
𝑛

(1 − 𝑛𝑙
𝑛

), where 𝑛𝑙 329 

represents the cumulative number of individuals per bin. The main difference is that the max 𝐿𝑀𝑜 330 

statistic considers heterogeneity in all parameters, whereas the 𝑊𝐷𝑀 only considers the most 331 

heterogeneous parameter. 332 

Categorical covariates do not possess a natural ordering that can be used to construct a test statistic. 333 

Alternatively, a test statistic can be obtained by summing the differences in the sum of scores across 334 

bins of individuals associated with a different level of the covariate (Hjort & Koning, 2002). In the 335 

following Lagrange multiplier statistic 336 

𝐿𝑀 = ∑ ∑ [𝐵𝑆𝑃𝑙,𝑘 − 𝐵𝑆𝑃𝑙−1,𝑘]
2𝑞

𝑘=1
𝑚
𝑙=1 , 12 

𝐵𝑆𝑃𝑙,𝑘 denotes the sum of the scores of the 𝑘-th parameter from individuals associated with the 𝑙-th 337 

level of the covariate. 𝐵0,𝑘, 𝑘 = 1, … , 𝑞, is not associated with any of the 1, … , 𝑚 levels of the 338 

covariate and is set to zero. 339 
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Analytic solutions for asymptotic critical values and 𝑝-values are only available for the double 340 

maximum statistics 𝐷𝑀 and 𝑊𝐷𝑀 and for the Lagrange multiplier statistic 𝐿𝑀 (Merkle et al., 2014; 341 

Merkle & Zeileis, 2013). For the remaining test statistics, critical values and 𝑝-values can be obtained 342 

through repeated simulation of Brownian bridges. 343 

4.2 SEM Trees Guided by Score-Based Tests 344 

Score-guided SEM trees can be obtained by simply replacing the evaluation of covariates in Step 2 of 345 

the general SEM tree algorithm with score-based tests instead of the likelihood-ratio test. We expect 346 

that using score-based tests eliminates two weak points of likelihood-ratio-guided SEM trees. First, 347 

the evaluation of a covariate with score-based tests does not involve the estimation of an SEM. Thus, 348 

we expect a runtime improvement that will be significant if many covariates or covariates with many 349 

different cut points are to be evaluated. Second, score-based tests yield a single test statistic for each 350 

covariate, regardless of the number of possible cut points. Consequently, the selection of covariates 351 

will not be biased towards covariates with many unique values such as continuous variables over the 352 

selection of covariates with less unique values such as grouping variables. 353 

Of course, score-based tests are no panacea for all challenges of recursive partitioning. Multiple 354 

testing due to the evaluation of multiple covariates will still inflate the rate of type I errors and may 355 

require an adjustment of 𝑝-values. Moreover, the identification of cut points is less straightforward 356 

because the score-based tests operate like an omnibus test for all possible cut points in a covariate. 357 

After a covariate is selected for splitting, the optimal cut point still needs to be determined. In 358 

likelihood-ratio-guided SEM trees, the optimal cut point is determined by finding the maximum of 359 

the partitioned log-likelihood by estimating MGSEMs for all possible cut points of the covariate. For 360 

score-based tests, cut points can be obtained by a closer inspection of the cumulative score process. 361 

Omitting the outer sums or maxima in Equation 7–11 pairs every unique value of the covariate with a 362 

specific value of the partially summed test statistic. Then, a cut point can be determined by splitting 363 

the sample after the observation associated with the maximum of these partially summed test 364 

statistics. We expect the resulting cut points to be less precise than cut points determined by 365 

maximizing the partitioned log-likelihood but computationally less expensive. Ranging from fast but 366 

inaccurate to slow but precise, we propose three different strategies to locate cut points in score-367 

guided SEM trees: first, use the maximum of the partially summed test statistics. Second, search for 368 

the maximum of the partitioned log-likelihood only in the neighborhood of the maximum of the 369 

partially summed test statistics. Third, determine the maximum of the partitioned log-likelihood over 370 
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the entire range of the covariate. Note that searching over the entire range will still be faster than the 371 

likelihood-ratio-guided SEM tree approach because only the localization of a cut point but not the 372 

selection of the covariate requires the estimation of additional SEMs. 373 

5 Simulation Study 374 

We conducted two Monte Carlo simulations to evaluate and compare the performance of likelihood-375 

ratio-guided and score-guided SEM trees. The first simulation aims to illustrate the performance of 376 

SEM trees under the null hypothesis of parameter homogeneity. The second simulation investigates 377 

power, precision of cut point estimation, and group recovery for a heterogeneous population 378 

consisting of two groups. 379 

All simulations were carried out with the statistical programming language R (R Core Team, 2020). 380 

SEM trees were grown with the package semtree (Brandmaier et al., 2013). semtree interfaces 381 

the OpenMx package (Neale et al., 2016) and the lavaan package (Rosseel, 2012) for the 382 

estimation of SEMs. We used OpenMx for the simulation in the present study. To grow score-guided 383 

SEM trees we linked semtree to the strucchange package (Zeileis, Leisch, Hornik, & Kleiber, 384 

2002). strucchange offers a unified framework for implementing score-based tests for a wide 385 

range of models. We added all features used in this simulation to the semtree package. Our 386 

simulation was performed using R 3.6.2, OpenMx 2.17.3, strucchange 1.5-2, and a 387 

developmental snapchat of the semtree package (link: 3c935b2). The simulation scripts and results 388 

are provided as Online Supplemental Material (link: https://osf.io/k82y3/).  389 

In the following simulations, we let the SEM tree algorithm split the data until no significant split 390 

candidates were left, applying the conventional 5% significance level. Throughout our simulation 391 

studies we aimed at ensuring an optimal type I error rate, that is, we tried limiting the proportions of 392 

false-positive splits to 5%. To achieve this, we adjusted the 𝑝-values of the likelihood-ratio and 393 

score-based tests with the Bonferroni procedure to correct for the multiple testing of several 394 

covariates.  395 

We evaluated two types of likelihood-ratio-guided SEM trees and five types of score-guided SEM 396 

trees based on the test statistics introduced above. The likelihood-ratio-guided SEM trees as 397 

implemented in the semtree package offer two primary split selection approaches. The first 398 

method selected the best split point across all variables and all split points (known as the naïve 399 

https://github.com/brandmaier/semtree/commit/3c935b2712fc5b0e9179f2d43969404a9448085c
https://osf.io/k82y3/


  Score-Guided SEM Trees 

 17 

selection scheme in the semtree package). We adjusted the p-values of the naïve method for the 400 

total numbers of dichotomous tests run using the Bonferroni correction. This procedure adjusted the 401 

p-values for all possible split points in the covariates (within covariate) and the number of covariates 402 

under evaluation (between covariate). We will refer to this Bonferroni adjusted naïve method simply 403 

as naïve method from now on. The second method corrects the selection bias by splitting the sample 404 

in half, using one half for estimation and the other half for the evaluation of a covariate (known as the 405 

fair selection scheme in the semtree package). In addition to the correction of the selection bias, 406 

we Bonferroni adjusted the 𝑝-values for multiple testing by the number of covariates. We will call 407 

this the fair method hereafter. In the remainder, we will refer to the different resulting SEM trees with 408 

the name of their method or test statistic. For instance, we refer to likelihood-ratio-guided SEM trees 409 

using the naïve method simply as naïve trees and to score-guided SEM trees employing the 𝐷𝑀 test 410 

statistic as 𝐷𝑀 trees. 411 

For each simulation trial, we first determined the level of measurement of the covariate(s) under 412 

investigation. Then, a data set was generated, and an SEM estimated. The SEM was then investigated 413 

with likelihood-ratio-guided SEM trees and score-guided SEM trees. Note that we only used the 414 

score-based test statistics that were appropriate for the level of measurement of the covariates(s). All 415 

experimental conditions were replicated 10,000 times. 416 

5.1 Simulation Model 417 

Figure 3 shows the linear latent growth curve model used in our Monte Carlo simulations. Model 418 

specification and parameter values were taken from McArdle and Epstein (1987) who modelled the 419 

scores of 204 young children from the Wechsler Intelligence for Children over four repeated 420 

occasion of measurement at 6 years, 7 years, 9 years, and 11 years of age (see Brandmaier et al., 421 

2013 for an SEM tree analysis of these data). In both simulation studies, we generated multivariate 422 

normal data using the mean vector and covariance matrix implied by the model presented in Figure 3. 423 

In Simulation II, we additionally introduced group differences to the mean and covariance structure 424 

of the latent variables.  425 
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 426 

Figure 3: Path diagram of the linear latent growth curve model used for data generation in the 427 

simulation studies. Parameter estimates were obtained by fitting the model on the verbal performance 428 

scores of the longitudinal Wechsler Intelligence Scale for Children data set.  429 

After generating the data, the linear latent growth curve model presented in Figure 3 was estimated, 430 

serving as a template model for the SEM trees. The model was defined by six free parameters: the 431 

mean and the variance of the random intercept 𝑓𝐼, the mean and the variance of the random slope 𝑓𝑆, 432 

the covariance between the random intercept and the random slope, and the residual error variance 433 

that was constrained to be equal for all four measurements of the observed variable 𝑦.  434 

5.2 Simulation I: Type I Error Rate and Runtime 435 

Simulation I assessed the type I error rate under the null hypothesis of constant parameters and the 436 

runtime for a different number of noise variables and sample sizes. The simulated data was 437 

homogeneous without any group differences. The following experimental factors were varied: 438 

• Level of measurement of the noise variables: We provided the SEM trees with randomly 439 

generated noise variables. The noise variables were either continuous variables (standard 440 

normal), ordinal variables with 6 levels (with an equal amount of observations per level), or 441 

dichotomous variables (with an equal amount of observations in both classes). For a given 442 

condition, all noise variables had the same level of measurement. 443 

• Number of noise variables: Either 1, 3, or 5 noise variables were generated. 444 
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• Sample size (𝑛): The simulated samples contained either 504 or 1,008 observations. The odd 445 

numbers resulted from the necessity to be divisible by 6 to allow for an equal amount of 446 

observations per level of the ordinal noise variables. 447 

First, we will inspect the type I error rate of the different SEM tree approaches and compare their 448 

computation time afterwards. 449 

Percentage of type I errors: Every tree consisting of more than one node was counted as a type I 450 

error. Ideally, the proportion of type I errors should approach 5%. 451 

Table 1 shows the empirical type I error rates of the different SEM tree approaches. The results are 452 

sorted with respect to the level of measurement of the noise variables. To get a better understanding 453 

of the simulated error rates, we printed results for methods that fell inside a 95% confidence interval 454 

around the optimal rate of 5% for 10,000 replications (CI: [4.573; 5.427]) in bold. For ordinal and 455 

dichotomous noise variables, all SEM tree implementations yield error rates mostly close to the 456 

desired 5%. For continuous covariates, however, only likelihood-ratio-based fair trees and score-457 

based 𝐶𝑣𝑀 trees had satisfactory type I error rates. 𝐷𝑀 trees exhibited slightly too few type I errors, 458 

whereas max𝐿𝑀 trees committed slightly too many. As predicted by Brandmaier et al. (2013) naïve 459 

trees that were provided with continuous noise variables over adjusted and produced error rates that 460 

were too small by a factor of 10. Varying the number of noise variables and the sample size did not 461 

seem to systematically influence the error rates. 462 

Table 1 463 

Empirical type I error rates as percentages for a significance level of 5%. 464 

   Continuous  Ordinal  Dichotomous 

Nr. 

noise 

𝑛  Naïve  Fair 𝐷𝑀 𝐶𝑣𝑀 max 

𝐿𝑀 

 Naïve Fair WDM max 

𝐿𝑀𝑜 

 Naïve Fair 𝐿𝑀 

1 504  0.76 5.13 3.90 4.91 5.49  4.50 5.71 5.07 5.19  5.15 5.21 4.89 

3 504  0.63 5.31 3.73 4.54 5.96  4.88 5.79 5.36 5.42  4.93 5.34 4.58 

5 504  0.70 5.18 4.21 4.55 6.29  4.97 5.20 5.44 5.79  5.22 5.42 4.61 

1 1,008  0.31 4.97 4.08 4.87 5.14  4.72 5.49 5.02 5.43  5.02 5.22 4.90 

3 1,008  0.35 4.93 4.22 4.77 5.43  4.53 5.32 5.18 5.21  4.98 5.13 4.71 

5 1,008  0.44 4.38 4.26 5.41 6.69  4.86 5.41 5.27 5.20  5.30 5.01 5.05 

Note. Nr. noise = number of noise variables, n = sample size. 465 
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Runtime: We recorded the computation time for the different SEM trees in seconds. As a matter of 466 

course, the runtime varies widely depending on the computing platform. However, comparing the 467 

runtime of the different methods allows for relative comparisons, and provides estimates for current 468 

standard computing platforms. Necessarily, the absolute estimates will become outdated soon. The 469 

simulation was conducted with an Intel® Xeon® CPU E5-2670 processor using a single core. 470 

Table 2 presents the median of the computation time in seconds. The median runtime for ordinal and 471 

dichotomous noise variables was small and differences between the SEM tree methods were 472 

neglectable. For continuous noise variables, however, for which many possible cut points needed to 473 

be evaluated, the runtime of likelihood-ratio-guided SEM trees was excessively larger than the 474 

computation time of score-guided SEM trees. For instance, given the larger sample sizes and five 475 

noise variables, likelihood-ratio-guided SEM trees needed several minutes to compute whereas score-476 

guided SEM trees were performed in fractions of a second. The runtime of the fair trees was roughly 477 

half as long as the runtime of naïve trees, most likely because the fair method tests only half of the 478 

possible cut points for continuous variables. As expected, growing sample size and number of noise 479 

variable led to an increase of computation time of the likelihood-ratio-guided SEM trees, whereas the 480 

runtime of score-guided SEM trees remained virtually the same. This implies that even for larger 481 

samples consisting of larger numbers of individuals and many covariates, score-guided SEM trees 482 

can be computed in short time. 483 

Table 2 484 

Median runtime in seconds. 485 

    Continuous  Ordinal  Dichotomous 

Nr. 

noise 

𝑛   Naïve Fair 𝐷𝑀 𝐶𝑣𝑀 max 

𝐿𝑀 

 Naïve Fair WDM max 

𝐿𝑀𝑜 

 Naïve Fair 𝐿𝑀 

1 504   30.7 14.2 0.2 0.2 0.2  0.5 0.6 0.2 1.2  0.6 0.4 0.2 

3 504   93.7 42.6 0.2 0.2 0.2  1.2 1.4 0.2 2.3  0.4 0.6 0.2 

5 504   159.5 72.3 0.2 0.2 0.2  1.9 2.2 0.2 3.5  0.6 0.9 0.2 

1 1,008   64.7 30.7 0.2 0.2 0.2  0.5 0.6 0.2 0.8  0.2 0.3 0.2 

3 1,008   198.1 93.6 0.2 0.2 0.2  1.2 1.4 0.2 2.2  0.5 0.7 0.2 

5 1,008   335.9 156.9 0.2 0.2 0.2  1.9 2.2 0.2 3.4  0.7 1.0 0.2 

Note. Nr. noise = number of noise variables, n = sample size. 486 

 487 
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5.3 Simulation II: Power, Cut Point Estimation, and Group Recovery 488 

Simulation II evaluated how well likelihood-ratio and score-guided SEM trees were able to detect 489 

heterogeneity in samples consisting of two subgroups. We varied the following experimental factors: 490 

• Level of measurement of the covariate: The SEM tree was provided with a single covariate 491 

that was either a continuous variable (standard normal), an ordinal variable with 6 levels, or a 492 

dichotomous variable. 493 

• Group differences: We tested two types of group differences. Either the fixed slope of the 494 

linear latent growth curve model shown in Figure 3 or all random effects varied between 495 

groups. Table 3 presents the values used for the heterogeneous parameters. Note that in the 496 

fixed slope condition only a single parameter was varied between groups, whereas in the 497 

random effects condition three parameters varied. The effect size of the differences was 498 

chosen so that a likelihood-ratio test between a single-group SEM and a correctly specified 499 

MGSEM, where only the heterogeneous parameters were allowed to vary, had a power of 500 

80%. The values of the remaining homogeneous parameters are shown in Figure 3. 501 

Table 3 502 

Parameter differences used in Simulation II. 503 

 Fixed effects    Random effects 

Parameter Group 1 Group 2   Parameter Group 1 Group 2 

E(𝑓𝐼) 5.389 5.695   Var(𝑓𝐼) 25.137 38.023 

     Var(𝑓𝑆) 2.808 4.247 

     Cov(𝑓𝐼 , 𝑓𝑆) 0.745 1.127 

• Noise variable: In the noise condition, the SEM tree algorithm was provided with a noise 504 

variable in addition to the informative covariate. In the no-noise condition, only the 505 

informative covariate was given to the tree. The noise variable was independent of the group 506 

differences and randomly selected to be a continuous variable (standard normal), an ordinal 507 

variable with 6 levels, or a dichotomous variable. 508 

• Cut point location: The optimal cut point in the informative covariate was either central (in 509 

the middle of the sorted covariate) or random. The exact positions of random cut points were 510 

generated as follows. For continuous covariates, the random cut point was between the 1

3
- and 511 

the 2

3
-quantile of the covariate. Random cut points in ordinal covariates were either the 512 

second, third, or fourth level of the covariate. For dichotomous variables with random cut 513 



  Score-Guided SEM Trees 

 22 

points, the size of the groups varied between 1

3
 and 2

3
 of the sample. The random numbers to 514 

generate random cut points were drawn from uniform distributions. A random cut point 515 

implied an unequal number of observations sampled from both groups. 516 

• Sample size (𝑛): The sample consisted either of 504 or 1,008 observations. 517 

We evaluated each method in terms of statistical power to detect heterogeneity, precision of the 518 

estimated cut points, group recovery, and runtime. For each condition, the results of the best-519 

performing method are printed in bold in the following tables. Due to space constraints, we report 520 

only the most important simulation results. The complete simulation results are provided as Online 521 

Supplemental Material (link: https://osf.io/k82y3/). 522 

Power. We define statistical power as the percentage of SEM trees that correctly selected the 523 

covariate as a split at any cut point and at any level of the tree. 524 

Table 4 shows the estimated power of the different SEM trees. We will first compare the overall 525 

performance of the likelihood-ratio-guided SEM tree methods with the score-guided methods. With 526 

respect to power, we found that likelihood-ratio-based naïve trees performed roughly as well as the 527 

score-based trees for ordinal and dichotomous covariates but poorly for continuous covariates. The 528 

other likelihood-ratio-based method, fair trees, showed overall the lowest power of all methods under 529 

investigation. Among the score-guided SEM trees, 𝐷𝑀 trees and 𝐶𝑣𝑀 trees generally outperformed 530 

the max𝐿𝑀 method for continuous covariates and the 𝑊𝐷𝑀 trees were more powerful than max𝐿𝑀𝑜 531 

trees for ordinal covariates. As an optimal baseline, we compared the power of the SEM trees with 532 

MGSEMs, denoted as MG in Table 4. Like the SEM trees, the MGSEMs were specified by letting all 533 

parameter vary between groups. In contrast to SEM trees, MGSEMs were informed about the true cut 534 

point, which needed to be learned from the data by the SEM trees and were unaffected by noise 535 

variables. Therefore, the MGSEMs present the upper limit achievable in terms of statistical power 536 

Not surprisingly, MGSEM proved to be more powerful than all SEM tree methods, given continuous 537 

and ordinal covariates, but equally powerful in conditions with dichotomous covariates and without 538 

noise variables, where cut points did not need to be learned from the data. 539 

  540 

https://osf.io/k82y3/
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Table 4 541 

Power to detect group differences. 542 

   Continuous  Ordinal  Dichotomous 

Noise Loc.  Naïve Fair 𝐷𝑀 𝐶𝑣𝑀 max 

𝐿𝑀 

MG  Naïve Fair WDM max 

𝐿𝑀𝑜 

MG  Naïve Fair 𝐿𝑀 MG 

Group difference in the fixed slope 

no centr.  10.0 14.9 46.3 41.1 32.6 51.8  37.5 17.6 45.6 38.7 53.5  52.0 26.5 50.9 52.0 

 rand.  9.0 14.2 43.3 39.0 31.8 50.5  33.2 16.0 41.1 34.4 49.0  50.4 25.7 49.6 50.4 

yes centr.  8.6 9.0 37.9 31.1 23.9 52.7  21.8 11.4 34.9 27.6 52.1  23.7 18.0 39.7 52.1 

 rand.  8.4 8.8 33.3 28.0 23.0 50.3  20.0 10.5 31.2 25.4 49.0  23.2 18.3 38.8 50.9 

Group differences in the random effects 

no centr.  17.9 19.8 47.8 55.6 47.4 68.8  51.7 24.6 46.0 52.8 68.5  68.6 36.1 67.5 68.6 

 rand.  16.1 19.5 44.3 52.9 45.8 67.3  47.5 22.3 42.2 47.8 64.8  66.8 34.4 65.3 66.8 

yes centr.  16.5 13.7 38.0 44.3 37.2 67.7  33.9 17.4 35.1 42.9 69.3  36.7 26.4 56.8 68.4 

 rand.  15.3 12.8 33.4 40.6 35.3 67.0  29.7 15.2 30.8 37.1 64.8  34.6 25.1 53.7 66.2 

Note. Loc. = cut point location, centr. = central cut point location, rand. = random cut point location, 543 

MG = MGSEM. 544 

The presence of a noise variable decreased the power of all tree methods but affected naïve trees 545 

most severely. The pronounced effect of noise variables on naïve trees was mainly driven by 546 

continuous noise variables which lead to severely over-adjusted 𝑝-values. Providing naïve trees with 547 

ordinal or dichotomous noise variables led to a decrease of power that was comparable to the 548 

decrease in other methods. A closer look at the type of group differences revealed that 𝐷𝑀 trees and 549 

𝑊𝐷𝑀 trees were most sensitive for a group difference in the fixed slope parameter and the remaining 550 

methods were more powerful in detecting parameter differences associated with the random effects. 551 

We expected this behavior because 𝐷𝑀 and 𝑊𝐷𝑀 test statistics focus on heterogeneity in a single 552 

parameter, whereas the other methods monitor group differences in multiple parameters. Varying cut 553 

point location and sample size (not shown in Table 4) had an approximately uniform effect on all 554 

methods: random cut points decreased the power of all trees by approximately 2.7 percentage points 555 

compared to central cut points and doubling the sample size raised the power of all methods by about 556 

32.4 percentage points. 557 

Precision of estimated cut points. The estimation of the optimal cut point in the covariate is crucial 558 

for recovering the true grouping of individuals. We computed bias and mean squared error (MSE) to 559 

assess the precision of the estimated cut points, using only trees that selected the covariate for the 560 

initial split of the data. Possible further splits with respect to the covariate and splits due to the noise 561 

variable were ignored. 562 
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For sake of simplicity, we will first discuss the precision of estimated cut points for a subset of 563 

simulation trials with central cut point location, a sample size of 504, and without a noise variable. 564 

The results are presented in Table 5. When provided with a continuous covariate, score-guided 𝐷𝑀 565 

and 𝐶𝑣𝑀 trees outperformed other SEM tree methods in terms of MSE. 𝐷𝑀 trees estimated more 566 

precise cut points for a group difference in the fixed slope parameter, whereas 𝐶𝑣𝑀 trees yielded 567 

more precise cut points for group differences in the parameters associated with random effects. A 568 

different pictured emerged for ordinal covariates, where naïve trees proved to be most precise for 569 

differences in the random effects but were slightly less precise for a difference in the fixed slope than 570 

𝑊𝐷𝑀 trees. Interestingly, group differences in the random effects led to biased cut points of score-571 

guided SEM trees, which was not observed for likelihood-ratio-guided trees. Neither varying cut 572 

point locations nor an additional noise variable had a substantial effect on the estimation of cut 573 

points. A larger sample size of 1,008 increased the precision of all methods without changing their 574 

rank order and reduced the bias of cut points estimated by score-guided SEM trees. We did not 575 

evaluate dichotomous covariates here because there is only a single trivial cut point. 576 

Table 5 577 

Bias and MSE of estimated cut points. 578 

  Continuous  Ordinal 

  Naïve  Fair 𝐷𝑀 𝐶𝑣𝑀 max 

𝐿𝑀 

 Naïve Fair 𝑊𝐷𝑀 max 

𝐿𝑀𝑜 

Group difference in the fixed slope 

Bias  -0.004 0.001 -0.003 0.001 0.003  0.023 0.035 0.019 0.024 

MSE  0.213 0.288 0.036 0.050 0.244  0.642 0.873 0.478 0.568 

Group differences in the random effects 

Bias  0.012 0.021 0.085 0.076 0.221  0.024 0.021 0.280 0.279 

MSE  0.124 0.215 0.051 0.045 0.224  0.437 0.658 0.668 0.685 

Group recovery. We used the adjusted Rand index (ARI; Hubert & Arabie, 1985; Milligan & 579 

Cooper, 1986) as a measure of how well the true groups are recovered by each SEM tree method. 580 

The ARI is widely used to measure the similarity between two partitions and is adjusted for 581 

agreement by chance. A large ARI value up to the maximum of 1 indicates a high agreement between 582 

the partitioning estimated by a tree and the true partitioning while smaller values imply a lower 583 

degree of similarity. Particularly, an ARI of 0 is obtained if a tree fails to detect the group difference 584 
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and does not split the sample. In our simulation, the ARI of an SEM tree method was mainly 585 

determined by its power to detect heterogeneity, its precision of estimated cut points, and its 586 

susceptibility to split the sample with respect to the noise variable. 587 

The ARI for different simulation condition and a sample size of 504 is shown in Table 6. Given a 588 

continuous covariate, score-guided 𝐷𝑀 and 𝐶𝑣𝑀 trees showed the largest ARI, followed by score-589 

guided max𝐿𝑀 trees, while likelihood-ratio-guided naïve and fair trees performed overall poorly. As 590 

with power and precision of the estimated cut points, 𝐷𝑀 trees had a slightly higher ARI for a 591 

difference in the slope and the ARI of 𝐶𝑣𝑀 trees was higher for differences in the random effects. 592 

Naïve trees performed better when provided with an ordinal or dichotomous covariate. For ordinal 593 

covariates, 𝐷𝑀 trees exhibited the largest ARI for differences in the random effects, whereas the ARI 594 

of score-guided 𝑊𝐷𝑀 trees was higher if the fixed slope differed between groups. For dichotomous 595 

covariates, naïve trees showed a slightly higher ARI than score-guided 𝐿𝑀 trees. If provided with an 596 

additional noise variable, however, naïve trees showed a more pronounced decrease in the ARI than 597 

𝐷𝑀 trees. This effect was mainly driven by continuous noise variables. Varying cut point locations 598 

played a minor role and slightly reduced the ARI of all trees. The ARI of tree method improved 599 

substantially for larger samples with 1,008 simulated individuals without changing the rank order of 600 

the trees. 601 

  602 
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Table 6 603 

Adjusted Rand index. 604 

   Continuous  Ordinal  Dichotomous 

Noise Loc.  Naïve  Fair 𝐷𝑀 𝐶𝑣𝑀 max 

𝐿𝑀 

 Naïve Fair 𝑊𝐷𝑀 max 

𝐿𝑀𝑜 

 Naïve Fair 𝐿𝑀 

Group difference in the fixed slope 

no centr.  0.068 0.087 0.375 0.317 0.205  0.289 0.127 0.374 0.310  0.520 0.265 0.509 

 rand.  0.063 0.082 0.340 0.288 0.203  0.257 0.113 0.335 0.272  0.504 0.257 0.496 

yes centr.  0.059 0.052 0.308 0.240 0.150  0.171 0.080 0.291 0.221  0.228 0.173 0.390 

 rand.  0.058 0.053 0.263 0.207 0.146  0.158 0.076 0.257 0.203  0.225 0.176 0.383 

Group differences in the random effects 

no centr.  0.134 0.128 0.371 0.436 0.312  0.429 0.189 0.357 0.412  0.686 0.361 0.675 

 rand.  0.120 0.123 0.336 0.400 0.303  0.389 0.166 0.327 0.369  0.668 0.344 0.653 

yes centr.  0.125 0.088 0.294 0.346 0.243  0.283 0.135 0.273 0.335  0.358 0.256 0.560 

 rand.  0.115 0.082 0.253 0.304 0.228  0.245 0.117 0.243 0.289  0.335 0.241 0.529 

Note. Loc. = cut point location, centr. = central cut point location, rand. = random cut point location.  605 

Runtime. The computation time of the SEM trees in Simulation II was in line with observed runtime 606 

in Simulation I. Overall, the median computation time of score-guided SEM trees was 0.43 seconds 607 

with little variability across the simulation conditions. In contrast, the runtime of likelihood-ratio-608 

guided trees varied greatly according to the level of measurement of the covariate and noise variable. 609 

For simulation conditions with an ordinal or dichotomous covariate and an ordinal or dichotomous 610 

noise variable, the overall median computation time of naïve trees was 0.54 seconds and 0.58 611 

seconds for fair trees. However, if either the covariate or the noise variable were continuous, the 612 

overall median runtime increased drastically. For instance, for conditions with a continuous covariate 613 

and a continuous noise variable, the computation time of naïve trees increased to 59.59 seconds for 614 

samples of size 504, and to 127.38 seconds for samples with 1,008 individuals. Under the same 615 

conditions, the runtime of fair trees was half the size with 26.84 seconds for samples of size 504 and 616 

60.09 seconds for samples with 1,008 individuals.  617 

  618 
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5.4 Summary 619 

In our simulation study, likelihood-ratio-guided naïve trees showed mixed results, confirming the 620 

known weaknesses of the approach. When provided with ordinal or dichotomous covariates, naïve 621 

trees showed an adequate control of type I errors and were among the best-performing methods in 622 

terms of power to detect heterogeneity and group recovery. However, given continuous covariates, 623 

naïve trees were overly conservative resulting in too few type I errors and low power. Moreover, the 624 

runtime of naïve trees increased substantially with continuous covariates. The likelihood-ratio-guided 625 

fair trees showed overall the lowest power of all methods, resulting in a poor group recovery. In 626 

contrast to naïve trees, the type I error rate of fair trees was close to optimal, regardless of the 627 

measurement level of the provided covariates. Therefore, fair trees can be useful in very large 628 

samples where low power is less of an issue. Similar to naïve trees, the computation time of fair trees 629 

grows drastically when provided with continuous covariates. SEM trees guided by the score-based 630 

𝐷𝑀 (for testing continuous covariates) and 𝑊𝐷𝑀 (ordinal covariates) test statistics outperformed 631 

other methods in terms of power and group recovery when group differences were to be found in a 632 

single parameter, whereas the score-based 𝐶𝑣𝑀 (for continuous covariates) and max𝐿𝑀𝑜 (for ordinal 633 

covariates) test statistics performed better in terms of power and group recovery for group differences 634 

in multiple parameters. The score-based 𝐿𝑀 for categorical covariates was slightly less powerful and 635 

less precise in recovering groups than the naïve method. Although the max𝐿𝑀𝑜 and 𝐿𝑀 test statistics 636 

were roughly on par with the naïve method, the score-based methods outperformed likelihood-ratio-637 

based methods clearly when provided with an additional continuous noise variable. Finally, the 638 

max𝐿𝑀 test statistic for testing continuous covariates showed disappointing results and fell behind 639 

the 𝐷𝑀 and 𝐶𝑣𝑀 statistics in terms of power and group recovery. Overall, all score-guided trees 640 

showed a satisfactory control of type I errors and computed in short time. 641 

Concerning the precision of estimated cut points, we expected that likelihood-ratio-guided SEM trees 642 

that search the complete likelihood to identify the optimal cut point would be more precise than 643 

score-guided trees that use the scaled maximum of the score fluctuations. To our surprise, we found 644 

that the cut points of score-guided trees, although slightly biased in some conditions, were overall 645 

comparable to the cut points estimated by likelihood-ratio-guided trees in terms of MSE.  646 

6 Discussion 647 

In the present study, we introduced score-guided SEM trees as a promising alternative to likelihood-648 

ratio-guided SEM (Brandmaier et al., 2013). We evaluated and compared the performances of both 649 
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split selection approaches in a Monte Carlo simulation study. We investigated those cases, in which 650 

users want to adjust the type I error rates for multiple testing of covariates. Overall, we conclude that 651 

score-guided split selection is superior to likelihood-ratio-guided split selection because it is 652 

computationally more efficient, has high statistical power, and is unbiased in the selection of 653 

covariates that predict group differences in SEM parameters. 654 

In our simulation studies, we evaluated two different likelihood-ratio-guided SEM approaches and 655 

score-guided SEM trees based on five different test statistics that have been recently popularized in 656 

psychometrics by Merkle and Zeileis (2013) and Merkle et al. (2014) for studying heterogeneity in 657 

SEM parameters. We found that, when provided with continuous covariates, guiding SEM trees with 658 

score-based tests greatly reduced the runtime of the trees. If solely provided with ordinal and/or 659 

categorical variables, score-guided SEM trees performed as well as likelihood-ratio-guided SEM 660 

trees. The large difference in runtime of both approaches for continuous covariates can be attributed 661 

to the fact that the evaluation of a covariate by a likelihood-ratio guided SEM tree requires the 662 

estimation of an MGSEM for every unique value of covariate. This leads to a large number of 663 

MGSEMs to be estimated as usually most values of continuous covariates are unique. Score-guided 664 

SEM trees, however, do not require the estimation of any MGSEMs for the evaluation of a covariate 665 

and, therefore, can be computed in little time. Score-guided SEM trees also proved to be more 666 

powerful in detecting group differences if one of the covariates provided to the SEM tree were 667 

continuous. The low statistical power of the likelihood-ratio-guided SEM trees is most likely a side 668 

effect of the different corrections of the selection bias. The low power of the likelihood-ratio-based 669 

naïve method for continuous covariates can be explained by the over-correction of the Bonferroni 670 

adjusted 𝑝-values due to too many possible cut points in the continuous variables. The low power 671 

that the likelihood-ratio-guided fair method displayed throughout all simulation conditions method 672 

was because the fair selection method uses only half of the sample for selecting the best covariate. 673 

The faster runtime of score-based tests is a major advantage for practical use and enables the wider 674 

adoption of SEM trees. The slow runtime of likelihood-ratio tests had made SEM trees unattractive if 675 

not impossible to run with large data sets on desktop computers. The runtime improvement may 676 

become even more important if one wishes to complement SEM tree inferences with resampling 677 

methods such as SEM forests (Brandmaier et al., 2016). SEM forests haven been suggested to as a 678 

more robust alternative to single SEM trees if the overall importance of variables is of primary 679 
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interest because small variations in the sample often lead to different trees. As SEM forests are based 680 

on hundreds if not thousands of trees, they will profit dramatically from the score-guided strategy. 681 

The question remains which of the five different score-based tests should be used to estimate score-682 

guided SEM trees. Our simulation results imply that the 𝐶𝑣𝑀 test statistics for the evaluation of 683 

continuous covariates and the max𝐿𝑀𝑜 statistic for ordinal covariates are best suited for situations 684 

without a priori knowledge about potential differences in SEM parameters because these test 685 

statistics monitor changes in multiple parameters. When one expects or is only interests in change in 686 

one or a few parameters, the 𝐷𝑀 and 𝑊𝐷𝑀 for continuous, respectively ordinal, covariates may 687 

provide a more efficient alternative. The semtree package also offers the option to specify focus 688 

parameters as the only parameters that are tested for group differences. Focus parameters in 689 

combination with the 𝐶𝑣𝑀 and the max𝐿𝑀𝑜 statistics may represent a good alternative to the 𝐷𝑀 690 

and 𝑊𝐷𝑀 statistics if explicit hypotheses about a subset of parameters are to be tested. For 691 

categorical covariates, we only tested the 𝐿𝑀 statistic which performed well. 692 

There are several limitations of our study. First, our comparison of score-guided SEM trees with 693 

likelihood-ratio-guided SEM trees in combination with cross-validation for correcting the selection 694 

bias was limited to the fair method. Although the fair method successfully corrected the bias, the 695 

method wasted power by using only half the sample. Brandmaier et al. (2013) discuss using more 696 

evolved types of cross-validation such as k-fold cross-validation. Instead of wasting half of the 697 

sample as the fair method, k-fold cross-validation splits the data into a certain number of distinct 698 

folds (commonly between 5 to 10) and uses all except one fold to estimate the model and then 699 

evaluates the cut point on the remaining fold. By repeating this process no data is wasted. We expect 700 

k-fold cross-validation to improve sensitivity towards heterogeneity as score-guided SEM trees but 701 

also to further amplify the heavy computational burden of the likelihood-ratio-guided SEM trees. 702 

Second, we used a linear latent growth curve model with only two types of group differences 703 

throughout our simulation studies. Likely, different types of SEMs or parameter differences could 704 

have changed the performance of some of the methods under investigation, although we would 705 

expect the general pattern of results to hold for a large class of similar models. Third, for the sake of 706 

simplicity, we tested only a small number of uncorrelated covariates and did not test any covariate 707 

interaction. Fourth, we did not assess the influence of non-normally distributed data and 708 

misspecification on the SEM trees. These remain topics for future research. 709 
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In summary, we found score-guided SEM trees to be fast, flexible, and powerful tools for 710 

investigating heterogeneity in SEM parameters. Based on our work we suggest that score-guided split 711 

selection should become the new standard for estimating SEM trees and forests.  712 
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